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Abstract— Regenerative braking energy is the energy produced 
by a train during deceleration. When a train decelerates, the 
motors act as generators and produce electricity. This energy can 
be fed back to the third rail and consumed by other trains 
accelerating nearby. If there are no nearby trains, this energy is 
dumped as heat to avoid over voltage. Regenerative braking 
energy can be saved by installing energy storage systems (ESS) 
and reused later when it is needed. To find a suitable design, size 
and placement of energy storage, a good understanding of this 
energy is required. The aim of this paper is to model and simulate 
regenerative braking energy. The dc electric rail transit system 
model introduced in this paper includes trains, substations and 
rail systems. 
 
Keywords—Electric rail system, regenerative braking energy, 
simulation and modeling. 
I. INTRODUCTION 
nergy efficiency and reducing energy consumption are 
important challenges in electric rail transit systems. Studies 
show that up to 40% of the energy supplied to a train can be 
fed back to the third rail through regenerative braking [1]. 
Since 1970, electric vehicles with regenerative braking energy 
capability have been developed [2]. In these trains, during the 
deceleration, the electromechanical torque of their motors 
becomes smaller than the load torque. Therefore, the 
summation of motors torques becomes negative and puts the 
motors in the generation mode to produce energy. This energy 
is called regenerative braking energy and can be fed back to the 
third rail, and absorbed by other nearby accelerating trains. If 
there are no other neighboring trains, this energy is dumped to 
a resistor.   
Several methods have been proposed for regenerative 
braking energy recovery, including synchronizing train 
timetable schedule, reversible substation and installing ESS 
[3]-[5]. Among these proposed methods, installing ESS is a 
more popular method. 
In addition to reducing energy consumption, using ESS can 
reduce the peak power demand, which not only benefits the rail 
transit system but also the distribution utility. ESS may be used 
to provide services to the main grid, such as shaving peak 
power demand [6]. 
In order to select a suitable technology, design, size, and 
placement of ESS, a good knowledge of regenerative braking 
energy, including its magnitude, time duration, frequency, etc., 
is required.  
 
 
 
Several studies have been done in the area of modeling and 
simulation of trains and electric rail systems considering 
regenerative braking energy [1], [2], [7] and [8]. These studies 
used a simple model for the train and substation modeling; 
where the substation is modeled with a DC voltage source with 
a resistance in series with a diode, and a train is modeled with a 
current source. In this paper, in order to increase the accuracy 
of the results from the simulation, more detailed models for the 
train and substation are presented.  
The rest of this paper is organized as follows: Section II 
provides an overview of the system under study. Section III 
presents the modeling of the electric vehicle. Simulation and 
modeling of the substation are presented in section IV. Rails 
and vehicle movement modeling is presented in section V. 
Simulation results are presented in section VI, and the 
conclusion is presented in section VII.  
II. SYSTEM UNDER STUDY 
  A schematic of a portion of the electric rail transit system is 
presented in Fig. 1. This portion includes two power supply 
substations and 3 passenger stations. Trains are running in both 
directions from west to east and east to west between the 
passenger stations.  
The detailed descriptions about modeling of each component 
are presented in the following sections. 
III. ELECTRIC RAIL VEHICLE MODELING  
There are two main approaches for transient modeling of 
electric rail vehicles [7]. 
(1) Cause-effect or forward facing method: In this method, 
the power consumed by the vehicle is used as an input to 
determine the speed of the wheel. 
(2) Effect-cause or backward facing method. In this method, 
the speed profile and vehicle properties are used as inputs 
to determine the input power to the train. 
In this paper, the effect-cause approach is used to model the 
electric rail vehicle. The modeling process is presented in Fig. 
2. In this model, the speed of the train is taken as an input, and 
based on the vehicle dynamic equations represented in (1) to 
(4), the forces applied to the wheels are calculated. 
dt
dv
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Where FT is the tractive effort, FN is the force due to friction, 
Fa and Fg are aerodynamic force and force due to gravity, 
respectively and Ɵ is the inclination angle. 
From the traction force (FT) calculated in (1), the torque and 
speed at each axle are calculated using (5) and (6), 
respectively. The calculated torque and speed are applied to the 
gearbox. The equations describing the gearbox performance in 
the motoring and braking conditions are represented in (7) to 
(10).  
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GwG    (8) 
Where TG and G are the gearbox output torque and speed, G 
is the gearbox ratio and B represents the vehicle losses and is 
calculated using (9). 
)1( GwTB   (9) 
Where ηG is the efficiency of the gearbox. 
For the braking process (negative torque), (7) can be 
modified as follow:  
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(10) 
The output torque and speed of the gearbox are applied to 
the motor drive. The motor drive includes a braking chopper, 
an inverter, an induction motor and its controller. A schematic 
of the electric motor drive is presented in Fig. 3. 
  To model the electric motor drive, a DTC drive available for 
AC machines in Matlab/Simulink library has been modified 
and adopted. As presented in Fig. 3, direct torque control 
(DTC) is used to control the inverter. An overall view of the 
DTC control method is presented in Fig. 4. 
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Fig. 1. Overal view of system modeling. 
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Fig. 2. Overal view of the modeling process. 
 
 
 3 
The torque and flux calculator unit estimates the electric 
machine torque and stator flux from the terminal voltage and 
current measurements. The estimated stator flux and electric 
torque are then controlled directly by comparing them with 
their respective required values using hysteresis comparators. 
Then the output of these comparators is used as input to the 
switching table that produces inverter gate signals.  
The torque and the flux references used in this controller are 
provided by the speed controller unit. A schematic of the speed 
controller unit is presented in Fig. 5.  
The last block in the electric motor drive is the braking 
chopper. In general, injecting regenerative braking energy to 
the third rail will increase the voltage level of the third rail. If 
this increase goes beyond a certain level, protection devices 
will act and do not let this energy get injected into the rail. The 
rest of this energy will be dumped in onboard resistance 
through the braking chopper. A schematic view of the braking 
chopper is presented in Fig. 6. The chopper circuit consists of a 
resistor bank and an IGBT switch controlled by hysteresis 
controller. In this controller, the DC bus voltage is monitored 
and if the voltage goes above a pre-specified value (upper limit 
activation voltage), the IGBT switch turns on. Then, the excess 
power on the line will be dissipated in the resistor bank. The 
switch is turned off when the voltage drops to the lower 
voltage limit (lower limit shut down voltage) as presented in 
Fig. 7. 
The parameters used for electric vehicle modeling are 
presented in Table I. 
Table I. Modeling Parameters of the Vehicle 
Parameters  Unit Value 
The vehicle mass for one car (MMetro) T 38 
The rolling resistance factor(fR) - 0.002 
The Gravity (g) N/Kg 9.81 
The rail slop(α) - 0 
The drag coefficient(CW) - 0.5 
The air density (ρ) kg/m3 1.225 
The front area of the train (A) m2 9 
The wheel radius (r) M 0.432 
The number of cars (ncars) - 10 
the gearbox ratio (G) - 6.64 
efficiency of gearbox (ηG) - 0.96 
Chopper resistance Ω 2 
Kp and Ki for speed Controller - [30, 100] 
Torque Limit  N.m [-2000,2000] 
acceleration Limit Mph/s [-3, 3.5] 
IV. SUBSTATION MODELING  
A typical DC transit substation consists of a voltage 
transformation stage that steps down the medium voltage to a 
lower voltage level, followed by an AC/DC rectification stage 
that provides DC power to the third rail. There are also traction 
network protection devices both at the AC and DC sides to 
prevent personnel injuries, equipment damage and interference 
to other users. 
The electric power supply substation has been modeled by 
two parallel circuits as shown in Fig. 8. One of the circuits 
consists of a three-phase / transformer in series with an 
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Fig. 4. Block diagram of the direct torque controller (DTC). 
+-
Flux*
Torque*
Torque 
limiter
Flux function
Speed 
ramps
Low pass filter
N*
N
PID
 
 
Fig. 5. Block diagram of the speed controller. 
+ -
g
 
 Fig. 6. Block diagram of the braking chopper. 
Upper limit activation 
Volatge 
Lower limit shutdown 
Voltage 
Vdc
g
 
Fig. 7. Control method of braking chopper switch.  
 
 
 
 4 
AC/DC converter. The other circuit consists of three phase / 
transformer.  An auxiliary transformer is also modeled, which 
provides supply to the loads, such as elevators, escalator, 
ventilation systems and lighting systems [9]. 
∆/∆Y/∆
+
-
Three-phase main grid
AC Circuit Breaker
AC Insulator
DC Circuit Breaker
DC Insulator
T
o
 A
u
x
ilia
r
y
 
L
o
a
d
-
+
AC
DC
AC
DC
 
Fig. 8. Block diagram of substation model. 
V. ELECTRIC RAIL SYSTEM MODELING  
To model an electric train moving on the rail, traction and 
power rails are modeled by variable resistances located on the 
west and east sides of the train, as shown in Fig. 1. The value 
of these variable resistances changes based on the train 
position. Fig. 9 shows a block diagram of the calculating 
resistance at each time step [10]. 
The equations related to the variable resistance of each 
section of the westbound rails are presented in (11) to (18). The 
resistance of the eastbound rails can be calculated in a similar 
way.  
railPpupWP RxpR ,11 )(   (11) 
railTpupWT RxpR ,11 )(   (12) 
railPpuppEP RpxxR ,121 )(   (13) 
railTpuppET RpxxR ,121 )(   (14) 
railPpupWP RxpR ,22 )(   (15) 
railTpupWT RxpR ,22 )(   (16) 
railPpuppEP RpxxR ,232 )(   (17) 
railTpuppET RpxxR ,232 )(   (18) 
Where p is the position of the train, xpi is the position of the 
ith passenger station, RPpu,rail and RTpu,rail are per-unit length 
resistance of the power and traction rails, respectively. The 
resistances on the left-hand side of the equations are the 
resistance of each section of rails as shown in Fig. 1.  
VI. SIMULATION RESULTS   
In order to quantify the energy regenerated during 
deceleration of the train, the results of a train running between 
passenger station one and two in westbound rail is presented. 
The speed profile, current and one of the motor outputs 
(including stator current, speed, torque and voltage) are 
presented in Figs. 10 to 12. As can be seen from Fig. 12, the 
motor speed and torque are following their reference values.  
The electric vehicle power and related energy are presented 
in Figs. 13 and 14. A change in the energy level  for one 
electric vehicle running from the first passenger station to the 
second one during acceleration (0s-37.4s) is approximately 
74.61 MW.s (20.72 kWh) and the energy during deceleration 
(37.4s-63s) is approximately 57.57 MW.s (16kWh). As can be 
concluded, almost 78% of the energy used during acceleration 
can theoretically be regenerated by train during deceleration.  
Three different speed profiles are also fed into the 
simulation model and the results for their current and energy 
are presented in Fig.15. For the first case, the change of total 
energy during acceleration (0 s-21.3s) is about 13 kWh and the 
change of total energy during deceleration (55s-72 s) is about 
10kWh (about 76% of energy consumed for train acceleration). 
Similarly, in the second case, almost 13kWh is consumed 
during acceleration while almost 9kWh is produced during 
deceleration. While in the third case, change in the energy level 
during acceleration phase is about 12 kWh and the change in 
energy level during deceleration is about 10 kWh (about 83% 
energy consumed during acceleration). 
By looking precisely into the speed and current profiles, it 
can be concluded that the magnitude of regenerative braking 
energy can vary based on the rate of deceleration. Increase in 
the deceleration rate results in the higher current magnitude. 
For instance, compare the magnitude of train current case two 
(about -4000A) in fig.15 where the speed has a moderate 
deceleration rate with the magnitude of current in case 3 (about 
-9000 A) in Fig.15 where the speed has a stipe deceleration 
rate. 
It is worthy to mention that not all this energy can 
practically be recuperated. As illustrated in Fig. 11, the 
regenerative current is released with the high magnitude in a 
very short time interval at the beginning of deceleration. If this 
current is let to flow to the third rail, the voltage will tend to 
rise to a high value and before it reaches its maximum, the 
protection devices will disconnect the train, which will dump 
the energy into its board resistance.  
The magnitude of the current that is created during 
deceleration depends on the deceleration rate and maximum 
speed at the beginning of deceleration. In the other hand, the 
amount of energy that can be injected to the third rail depends 
on the receptivity of system. If there are other loads, such as 
nearby accelerating trains available in the system and the 
system has higher overvoltage protection setting, more 
regenerative braking energy can be injected to the third rail.    
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Fig. 10. Speed  profile. 
 
Fig. 11. Train current profile. 
 
Fig. 12. Motor output. 
 
Fig. 13. Train power profile. 
 
Fig. 14. Train energy profile. 
VII. CONCLUSION 
Energy saving and increasing energy efficiency are 
important challenges in electric rail transit systems. One 
solution is the recuperation of regenerative braking energy 
by installing energy storage systems. In order to design, 
size and determine the suitable placement of energy storage 
systems, quantifying the available regenerative braking 
energy is imperative. This paper has presented a detailed 
modeling and simulation approach for regenerative braking 
energy in a DC electric rail system. The system under study 
includes two power supply substations, electric rail vehicles 
and a rail system. The modeling details along with related 
equations are presented for each component. Results show 
that the proposed models can provide a reliable simulation 
tool for regenerative braking energy.   
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